Cross-efficiency evaluation is an effective methodology for discriminating among a set of decision-making units (DMUs) through both self-and peer-evaluation methods. This evaluation technique is usually used for data envelopment analysis (DEA) models with constant returns to scale due to the fact that negative efficiencies never happen in this case. For cases of variable returns to scale (VRSs), the evaluation may generate negative cross-efficiencies. However, when the production technology is known to be VRS, a VRS model must be used. In this case, negative efficiencies may occur. Negative efficiencies are unreasonable and cause difficulties in calculating the final cross-efficiency. In this paper, we propose a cross-efficiency evaluation method, with the technology of VRS. The cross-efficiency intervals of DMUs were derived from the associated aggressive and benevolent formulations. More importantly, the proposed approach does not produce negative efficiencies. For comparison of DMUs with their cross-efficiency intervals, a numerical index is required. Since the concept of entropy is an effective tool to measure the uncertainty, this concept was employed to build an index for ranking DMUs with cross efficiency intervals. A real-case example was used to illustrate the approach proposed in this paper.
Introduction
Data envelopment analysis (DEA) is a non-parametric method for efficiency evaluation of a group of homogeneous decision-making units (DMUs) that consume multiple inputs to produce multiple outputs. Since DEA is a non-parametric method, it does not require any predetermined information on the production function of the production entities before evaluation. That is, the evaluation results are obtained from the input and output data and obtained by comparing the production of each DMU with those of the others. For its effectiveness in identifying the best-practice frontier and ranking the DMUs, DEA has been widely applied in many different sectors and industries. However, traditional self-evaluated DEA models with total weight flexibility may evaluate many DMUs as DEA-efficient and cannot make any further distinctions among them. Therefore, one of the main shortfalls of the traditional DEA models is their inability to discriminate among DMUs that are all deemed efficient [1] .
While allowing every DMU to select different multipliers to measure efficiency is a merit of the DEA technique, this makes the resulting efficiencies of the DMUs incomparable. The efficiencies are comparable only if they are calculated from the same set of weights. In cross-efficiency evaluation, each DMU defines its most favorable weights associated with the inputs and outputs for selfefficiency evaluation. Using these weights, it can also evaluate the efficiencies of the other DMUs, which gives rise to peer-evaluated efficiencies. For each DMU under evaluation, we can obtain a final efficiency by aggregating its self-evaluated efficiency and its efficiencies peer-evaluated by the others.
In this case, every DMU has n efficiency scores calculated from n sets of weights selected by all n DMUs, including itself. The average of the n efficiency scores is the final efficiency for this DMU.
Cross-efficiency evaluation almost always ranks the DMUs in a unique order [2] and eliminates unrealistic weight schemes without incorporating weight restrictions [3] . Due to these advantages, cross-efficiency evaluation has been extensively applied in performance evaluation. Since the seminal work of Sexton et al. [4] and Doyle and Green [2] , a number of cross-efficiency models and applications have been reported in the literature. Under constant returns to scale (CRS), Liang et al. [5] proposed a game cross-efficiency model to generate a set of cross efficiencies that constitutes a Nash equilibrium point for the DMUs. Jahanshahloo et al. [6] incorporated a symmetric technique into the cross-efficiency evaluation that could choose symmetric weights for DMUs. There are some methods that select suitable weights from alternative solutions to avoid large differences among the weights. Setting lower bounds [7, 8] , using ordered weighted averaging operators [9] , and evaluating the robustness of the proposed methodology [10] are some examples. Wu et al. [11] developed a target identification model to obtain reachable targets for all DMUs, and several secondary goals were proposed considering both the desirable and undesirable targets.
Cross-efficiency evaluation is usually used for production technologies with CRS because negative efficiencies never happen in this case. However, when the production technology is known to be a variable return to scale (VRS), a VRS model must be used. In this case, negative efficiencies may occur. Negative efficiencies are unreasonable and cause difficulties in calculating the final crossefficiency. In the literature, only a couple of studies calculate cross efficiencies under the VRS technology. Wu et al. [12] and Soares de Mello et al. [13] proposed the idea of restricting the multiplier values to those that could only produce positive efficiencies for all DMUs. Lim and Zhu [14] translated the coordinates to let negative efficiencies become positive. Lin [15] adopted the rangedirectional measure proposed in Portela et al. [16] to calculate efficiencies.
Existing approaches for cross-efficiency evaluations are often averaging the entries of the crossefficiency matrix column-wise, that is, the average cross-efficiency, to further discriminate among the DEA efficient units. In this case, the problem of choosing the aggressive (lower bound efficiency) or benevolent formulation (upper bound efficiency) for decision-making might still remain. In this paper, we propose a cross-efficiency evaluation method, with the technology of VRS. The crossefficiency of a DMU is calculated as an interval, where the lower bound and upper bound are obtained by aggressive and benevolent formulations, respectively. In other words, the crossefficiency interval takes the aggressive and benevolent formulations into account at the same time, and the choice of aggressive/benevolent formulation can be avoided. More importantly, the proposed approach does not produce negative efficiencies. For comparison of DMUs with their cross-efficiency intervals, a numerical index is required. Since the concept of entropy [17] is an effective tool to measure the uncertainty, this concept is employed to construct an index for ranking DMUs with cross efficiency intervals.
In the sections that follow, we first introduce the cross-efficiency evaluation under the assumption of VRS in Section 2. Then, Section 3 introduces the concept of Shannon's entropy and develops a solution procedure to find the optimal entropy value for comparison of DMUs. A realcase example is used to illustrate the approach proposed in this study in Section 4. Finally, some conclusions of this study are presented in Section 5.
Negative Cross-Efficiency
In this section, we illustrate the problem of negative cross-efficiency. Suppose that we have n DMUs, where every DMU j, j = 1, …, n, produces the same s outputs in different amounts, Yrj (r = 1, …, s), using the same m inputs, Xij (i = 1, …, m) in different amounts. The VRS model [18] , which was developed by Banker, Chranes, and Cooper (BCC), for measuring the efficiency of DMU d under variable returns to-scale, has output-and input-oriented models. The output-oriented VRS model is formulated as:
where rd u and id v are the multipliers selected by DMU d to calculate efficiencies. A self-evaluated efficiency score of DMU d and the optimal weights are obtained from solving Model (1). For the special cases of 0d v = 0 in (1), the model becomes the CCR model [19] , with a technology of CRS, and the derived efficiency score is regarded as the CCR efficiency. In a VRS model, the variable 0d v gives an indication of the type of returns to scale that prevails at a particular DMU under evaluation.
Especially, when the optimal solution in (1) * 0d v < 0 (>0), it indicates that the DMU under evaluation is the increasing (decreasing) returns to scale.
Specifically, if * id v (i = 1, …, m) and * rd u (r = 1, …, s) is an optimal solution of (1) for a given DMU d, then a cross-efficiency of DMU j peer-evaluated by DMU d is given by  must be greater than 0. That implies that the cross-efficiency 1/ O dj E > 0. In other words, the problem of negative cross-efficiency will not occur in the output-oriented VRS model. On one hand, the input-oriented VRS model is formulated as:
Similarly, let * id v (i = 1, …, m), * rd u (r = 1, …, s), and * 0d u be an optimal solution of (3) for a given DMU d; then, the cross-efficiency is given by
We can repeat this process and use the weights selected by every DMU for calculating the efficiencies of all DMUs. The final cross-efficiency of DMU j is the average of
The cross-efficiency score Equation (4) may lead to a problematic situation. Negative efficiencies are obviously unreasonable, and we need to develop a procedure to tackle this problem. Note that negative efficiencies will not happen in the CCR model, nor in the VRS output-oriented model. In the next section, we propose a methodology to calculate and rank cross-efficiencies for the input-oriented VRS model.
Entropy with VRS Cross-Efficiencies

VRS Cross-Efficiencies
The most commonly used secondary goals approach is proposed by Doyle and Green [2] . They defined the aggregate efficiency to be the weighted average of the other n−1 efficiencies, with the weight of 1 m id id
for DMU d to obtain the following model:
where dd E is the CCR efficiency of DMU d. This model is a linear fractional program, which can be linearized by applying the variable substitution technique of Charnes and Cooper [20] as follows:
Since this model is to search the maximum cross-efficiency, Doyle and Green [2] named this model the benevolent model. On the other hand, when the objective function in Model (7) is changed to the minimum operation, the formulation becomes an aggressive model. Model (7) is under the assumption of CRS, and we can rewrite Model (7) to the input-oriented VRS model. Let
A dd E and B dd E be the efficiency scores of aggressive and benevolent models under the assumption of VRS, respectively, and they can be expressed by:
Since the cross-efficiency is calculated by Equation (4) and Soares de Mello et al. [13] proposed to add constraints 0 1 0 s rd rj d
Equation (3). Following this idea, we add this constraint to Models (8) and (9), and they become: 
In Models (10) and (11), the second constraint 0 1 s rd rd d  . With the same process, we can derive the final cross-efficiency for Model (11) as well.
The Entropy
The idea of Shannon's entropy plays a central role in information theory. Based on Ormos and Zibriczky [21] , entropy is a mathematically defined quantity, usually applied to describe the probability of results in a system. Since Shannon's entropy provides a powerful tool for the measurement of uncertainty, this concept has been applied in many scientific fields, such as mechanics, statistics, transport, information theory, and mathematical programming problems. In the literature, several articles applied the entropy concept and DEA models for ranking DMUs. Soleimani-Damaneh and Zarepisheh [22] applied Shannon's entropy to integrate a family of DEA efficiencies, which are calculated from different DEA models, into an index for distinguishing DMUs. The Shannon's entropy was used by Xie et al. [23] to merge the efficiency scores and help discriminate traditional DEA models. Wang et al. [24] explored the DEA entropy model to construct the crossefficiency intervals for ranking DMUs. Lu and Liu [25] considered the benevolent and aggressive and formulations simultaneously for obtaining a number of cross-efficiency intervals, and the entropy was used to build a numerical index for the DMUs to be comparable. Rotela Junior et al. [26] adopted a DEA model in portfolio optimization, and Shannon entropy was included to ensure an efficient asset diversification while return and portfolio risk were maximized and minimized, respectively. Lee [27] applied the concept of Shannon's entropy to combine cross-efficiency scores, which are measured from different cross-efficiency evaluation models, for discrimination of DMUs. According to the relative entropy and grey relational analysis methods, Si and Ma [28] proposed a crossefficiency method for a comparison of DMUs. However, these studies which measured the crossefficiency scores were all under the assumption of CRS.
In this section, we employ Shannon's entropy to integrate the derived cross-efficiency intervals for distinguishing DMUs. Since we take into account the aggressive and benevolent cross-efficiency at the same time, a family of cross-efficiency intervals is derived for each DMU. The idea of Lu and Liu [25] , which calculated the entropy value of the cross-efficiency interval, is adopted to construct a numerical index for DMUs with cross efficiency intervals.
If the cross-efficiency of DMU j is a constant value, then the entropy for DMU j can be defined as: 
We also follow the idea of Lu and Liu [25] to let the constant 
Lu and Liu indicated that Model (16) is a concave function subject to linear constraints, and we can obtain the global optimum solution for (16) . We can discriminate all DMUs with the derived value of * j H , and the larger the value of * j H the better the DMU is.
Example
Lee [27] studied the problem of calculating the cross-efficiency scores for commercial banks in Taiwan. Three inputs and three outputs are considered when measuring the efficiencies, and the associated three input and three output items are listed as follows:
Inputs: Labor cost. Physical capital (book value of fixed assets for business purposes). Purchase funds (including time and saving deposits, and other bank deposits). Outputs: Demand deposits (including checking, passbook, and temporary deposits). Short-term loans. Medium-and-long-term loans. Table 1 lists the associated input and output data of the twenty-two bank. The dataset used by Lee [27] can demonstrate that our proposed approach is effective at distinguishing the efficient DMUs for complex problems. In this section we use this data set to explain how our proposed approach is applied to calculate the VRS cross-efficiencies and the entropy values of the commercial banks.
By applying the idea set forth in this paper, we first used the BCC model (7) to measure the efficiency for every commercial bank. The results are shown in the second column of Table 1 under the heading "BCC." It is noted that twelve commercial banks are efficient, and their ranks cannot be differentiated. We then used Models (10) and (11) to calculate the aggressive (lower bound) and benevolent (upper bound) efficiencies of every commercial bank, respectively, with the results shown in Table 2 . No negative values appear in the calculated results. The final efficiencies, as calculated from Equation (5), are shown in the last column of Table 2 . With the derived cross-efficiency intervals, we then applied Model (16) to calculate the corresponding entropy for commercial banks. The entropy cross-efficiency values and their associated ranks of banks are reported in Table 3 . Since the higher the entropy cross-efficiency the more efficient the bank is, Bank number 3 is in first place, followed by Banks 16, 4, and 15 subsequently. This indicates that the approach proposed in this paper works well for complex problems for discriminating efficient DMUs. 1.6881 20 18 2.0056 13 19 2.3890 6 20
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Conclusions
Cross efficiency is an aggregate efficiency measured from the viewpoints of all DMUs. The results are, thus, more representative and persuasive than those of its counterparts. However, most studies are restricted to production technologies with CRS due to the possibility of producing negative efficiencies under VRS. In this paper, we proposed a cross-efficiency evaluation method, with the technology of VRS. Each DMU has a cross-efficiency interval, where aggressive and benevolent formulations are derived from, respectively. Since the concept of entropy is an effective tool to measure the uncertainty, this concept is used to construct an index for ranking DMUs with cross efficiency intervals.
The most important merit of the proposed approach is that this model does not produce negative efficiencies, which makes it appropriate for cases of VRS DEA models. A real-world case shows that the final efficiencies calculated from the cross efficiencies help identify the rankings of a set of DMUs. Cross-efficiency evaluation has been extended to different evaluation models. In this study, the input and output data were measured by exact values. However, in some cases, the inputs and outputs of DMUs may be stochastic. The derivation of the stochastic measure and its applications will be another direction for future studies.
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